All experiments with ultracold atoms are performed in the presence of background residual gas.
I. INTRODUCTION
Ultracold bosonic atoms placed in wells of the optical dipole potential formed by the interference of counter-propagating laser beams are studied in many recent experiments [2, 3, 4, 5] . A Mott insulator state [2] , a collapse and revivals of the coherence in the superfluid state [1] , a massive entanglement between atoms [6] and an Anderson localization [7] were all achieved. In a recent paper [8] a single site addressability has been demonstrated -a property essential for the future application of atoms in optical lattices in the quantum information processes. In all these processes a potentially significant role is played by losses.
As always, the losses generate decoherence, a deterioration of the ability to interfere. In particular even the best achievable vacuum in the cell holding the ultracold atoms is never perfect. There are background atoms that are very fast. From time to time they collide with the relevant bosons that are practically at rest. As a result the atom trapped in the well is rapidly ejected and flies away. We are losing one atom but also the phase of the system undergoes a jolt. As a result, the atomic interference gets smeared-out. In this paper we are studying in some detail this phenomenon. To this end we use a suitable master equation.
We present an analytical solution for the evolution of a large class of correlation functions.
Then, we use these solutions to discuss the first order coherence for the model of a perfect Mott insulator initial state and a model of a superfluid initial state. In the latter case we show that often used the coherent state as a representation of the state in a single well is sick. While correctly representing the distribution of the number of atoms found in a single site, it incorrectly breaks the U(1) symmetry of this state. We point out that discussed by some authors [1, 9] Schrödinger cat state is an artifact of the coherent state representation.
II. MODEL
A motivation of our work is an experimental demonstration of a collapse and revivals of matter waves described in [1] . The authors of this paper prepared bosonic 87 Rb atoms in the superfluid state in the optical lattice. Suddenly they increased the intensity of lasers creating the deep optical lattice, such that the tunneling between lattice sites was completely suppressed. They hold the system during time t and then switch-off the trapping potential, allowing cold atoms to expand. Next they take a picture of interfering matter waves. They were repeating the experiment extending only the holding time t. In the first few photos they recognized an interference pattern typical for a superfluid state [2] . Then this pattern had vanished just to a Gaussian noise, but at the time t = t rev it appeared again. We study the sensitivity of these revivals to decoherence due to non-perfect vacuum. Atoms from the residual thermal gas collide with ultracold atoms. We assume that the typical energy of an incoming atom from the background is so high that during the collision the condensed atom is kicked out from the lattice. This kind of one body losses leads inevitably to a reduced coherence in the system.
In order to describe the evolution of cold atoms in an optical lattice that includes these collisions we derived the following master equation:
whereâ k annihilates one boson in the kth lattice site, K is the number of lattice sites, γ is a damping coefficient, andĤ
is the Bose-Hubbard Hamiltonian for atoms in an optical lattice in the absence of tunneling.
The parameter ω 0 in (2) describes the kinetic and potential energy of one atom in the lattice, and U is an average interaction energy per a pair of atoms. The details of the HamiltonianĤ A are given in [10] . We estimate the damping coefficient γ and sketch the derivation of (1) in the appendix. Having analytical form of all coefficients in this model we are able to compare our theoretical results of this papers with the experimental papers.
We assume that atoms in each well evolve independently so the final master equation is a simple extension of the master equation for a single well, examined more generally in [11] .
This type of master equation (1) was also a starting point in [12, 13, 14] .
In this paper we expand all states in the Fock basis, where | n 1 , · · · , n K , means n 1 atoms in the first well, n 2 atoms in the second, etc. Here are three interesting states:
• The superfluid state, called also multinomial state, with N particles in K potential
The sum in expression (3) is over all non-negative integers, which adds-up to the initial number of atoms N, and
is the multinomial symbol. This state is in fact a SU(K) coherent state [15] .
• The Mott insulator state, which describes the system with exactly n atoms in each well:
• The coherent state
Although the coherent state violates the barionic superselection rule, it seems to work quite well as an approximation of the superfluid with the total number of atoms
The evolution of this state in a context of optical lattices was considered
i.e. in [1, 13] .
III. GENERATING FUNCTION
The master equation (1) describes a system of K independent modes, with the interaction in each mode and with the one body losses. In the next section IV we use this model to describe the influence of background atoms for coherence properties in optical lattices. We stress that equation (1) has quite general form and might be appropriate for other systems.
In this section we present the exact solution of a master equation of this type.
Let us consider a dynamics of an average value of the normal ordered operator:
At this point we assume for simplicity that for all indices k, coefficient r k or l k is equal
We focus on the most important case of expression (6), correlation functions, where the number of creation operators and annihilation operators is the same. It means
where R is the order of correlation function. Below we will often use this property.
The density operator has the following matrix form in the Fock basis:
The density matrix elements which are appropriate to calculate (6) are of the form
, where n k are non-negative integer numbers. We introduce a shorter no-
Thus l belongs to N K and with ε k we denote the versor in the kth direction in this space ((ε k ) i = δ k,i ). From the master equation (1) we know their evolutions
where λ = U/(2 ).
We define the generating function h r l :
where x is any vector in R K space. The function h r l in (9) is defined in such a way that along a line x 1 = · · · = x K = 1 is just equal to (6) . Multiplying the equation (8) by
√ n k + m and then taking the sum over all indices n k we derive an equation
This is the first order partial differential equation, so one can find the solution by the method of characteristics:
where f (x, r, t) = 2γ−(2γ−κrx)e −κr t κr and κ r = 2γ − 2iλr.
From the generating function one can easily extract all density matrix terms:
Solutions (10) and (11) are valid for all initial states and any number of wells. They cover exact solutions of papers [12, 16, 17] as special cases. The paper [16] treats all correlation functions in optical lattices but without losses. The papers [12, 17] are interesting discussions of one, two and three body losses in two mode system. There are presented exact solution for low order correlation function in the case of one body losses using the stochastic wave approximation.
The equation (11) says that the terms of density matrix decay exponentially with the rate growing as we go away from the diagonal. For long times all off-diagonal terms vanish and the state of the system becomes completely mixed, in agreement with the general properties of the decoherence.
IV. DECOHERENCE
In this section we will use the general solution (11) for the three states introduced in the section III. Subscripts 'coh', 'sf' and 'mi' denote the coherent state, the superfluid state and the Mott insulator, respectively. For shorter notation we omit indices r and l, namely h r l ≡ h. The appropriate generating functions have forms
Using these functions we can analyze all correlation functions for these three different initial states. It is not surprising that for all three states the average number of atoms per well is given by the same formula
This exponential decay of the particle number was observed in several experiments. The coefficient (2γ) −1 is known in literature as the lifetime of the trap. In the appendix we give the straightforward but lengthy derivations of γ:
where σ cross is a cross section for the collision between 'hot' and cold atoms, ρ b is a density of the background atoms and v is their average velocity. We compare measured values of γ with our analytical estimation getting quantitative agreement [18, 19, 20] , except the experiments with the metastable helium * He [21, 22] . We suppose that in experiments with helium the interaction with background atoms is not the main source of one body losses.
A. First order correlation function
More interesting is the evolution of the first order correlation function
which in the experiment of Bloch [1] , is responsible for the revivals and collapses of the interference pattern. For the Mott insulator state this function is just equal to 0 -to describe interference of matter waves in this state higher order correlation function are needed. If the initial state is a superfluid or a coherent state one get
where w(t) = 2 γ 2 +(γλ sin(2λt)+λ 2 sin(2λt))e −2γt γ 2 +λ 2 − 1 . In the limit of large number of wells and large number of atoms, both first order correlation functions are identical and equal to g 1 = 1 + |α| 2 w(t). Thus, in typical experiments with optical lattice the damping of coherence is the same for superfluid and coherent state. It suggests that the coherent state can be used instead of multinomial one also for studying the decoherence in optical lattice, but in the next section we are showing the limitation of this replacement.
We present these functions in figure 1 . Indeed the evolution of the first order correlation function has a structure of collapses and revivals at the multiples of the revival time t rev = 
2
For experimental value of parameter γ no effects of decoherence can be seen. It means that in the experiment [1] there are more important sources of decoherence. As authors of this paper suggest it can be the noise of the laser beams.
We investigate the decoherence varying the experimental parameters -the number of atoms, the number of potential wells and the damping parameter γ, but holding constant the interaction parameter U. We observe that for bigger ratio K/N revivals are broader and collapses of coherence are not complete (see figure 2a) . In it case even for large damping, the function g 1 tends nor to 0, but to some positive value. In the case of strong damping it is difficult to determine if the master equation is still valid -it should be verified experimentally.
On the other hand if we increase the total number of atoms, the revival becomes extremely narrow and extremely hard to detect. It is worth to stress again, that we hold the parameter U constant and equal to the value from the experiment [1] . In fact U can be changed so the time scale might be totally different (like in typical experiments with a double well potential).
We present this two regimes in the figure 2. One can easily see that the first regime, where the number of potential wells is bigger than the number of atoms is less susceptible to decoherence. Increasing the number of atoms leads to a fast decay of coherence. 
V. Q-FUNCTIONS -DEATH OF A SCHRÖDINGER CAT
Up to now we haven't seen any notable consequences of using coherent states for the superfluid state. Despite the coherent state in the context of matter wave violates the fundamental law of nature, the barionic number superselection, it seems to be indistinguishable from the superfluid state. In the kind of thermodynamic limit the distribution of number of atoms per one well is identical, the damping of number of particle is the same, and the first and the second order correlation functions are so similar in both cases that in any experiment they cannot be distinguished [16] . On the other hand the coherent state is much easier to handle than the multinomial one. Hence it is no wonder that instead of multinomial state usually only its coherent counterpart is investigated. In its evolution at the time 1 2 t rev surprisingly appears a Schrödinger catlike state -the state of the system is a superposition of two coherent states with opposite phases [1] . It was even predicted in [9] that this superposition state may stable even in the presence of one and three body losses. To shed some light on this issue we compute one of quasiproababilty functions. The simplest here is the Husimi Q-function:
where β is a vector in K dimensional complex space C K and | β = K k=1 | β k is a product of coherent states in each well.
We use the generating functions (13), (14) and (12) and the general form for the denisty matrix (11) to calculate the Husimi functions for our three initial states in the simplest γ = 0 case:
The immediate conclusion is that the Q-functions for the coherent and the superfluid state are quite different. The first one at time t = 0 is a product of Gaussian functions around points α, while the second function depends only on the absolute value of α, so it is symmetric around 0. To visualize the Husimi functions, we integrate them over (K − 1) lattice sites
These reduced Husimi functions are presented in figures 3 and 4. The reduced Husimi function of the superfluid and the Mott insulator state is time independent.
Thus, we conclude that the much discussed Schrödinger cat for atoms in the optical lattice is an artifact of the coherent state representation of the superfluid state. Our conclusion would be the same if we used the Wigner function rather than the Husimi function. 
VI. CONCLUSIONS
The most important result of this paper is the exact solution for the master equation (1) .
We use this solution to discuss the influence of 'hot' background atoms for the coherence properties of ultracold atoms in optical lattices. The calculated damping of the average number of particles agrees with experiments. In the main experiment under consideration The Husimi function in both cases is time independent and has U(1) symmetry.
state for description of cold atoms might lead to wrong conclusions. The Schrödinger cat is an example.
where an operatorψ † (r) creates a bosonic field,
+ V (r) consists of the kinetic energy and a periodic potential and V (r − r ′ ) is a potential of interaction between particles.
We represent the field operatorψ (r) as a superposition of BEC and background gas modeŝ
whereâ annihilates one boson in a ground state, φ (r) is a spatial representation of the ground state fo H 0 ,ĉ k annihilates one background atom with wave-vector k andd k annihilates one boson with wave-vector k, which has been kicked out from the condensate.
All non-condensed bosons are modeled by the plane waves in quantization volume V . We introduce two annihilation bosonic operatord k andĉ k , because in general, ultracold atoms and background gas might be formed from different species.
At this point we make the crudest simplification, we replace V (r − r ′ ) with the contact pseudo-potential
, where a is th s-wave scattering length, and m is a reduced mass of colliding particles. This approximation works quite well for collision of two ultracold atoms and it is not justified for a collision between one cold and one 'hot' background atom.
Still, this simplification offers some insight into this process. We expect that the final result is at least of the same order of magnitude as the accurate damping constant γ.
We limit our consideration only to the first two terms in (A.1). Substitution (A.2) into (A.1) leads to plenty of terms. Most of them have no influence on the values of γ. The significant part is given by the Bose-Hubbard Hamiltonian
It consists of three terms.
• The free evolution of ultracold gas in an optical lattice.
where ω 0 is the energy of a single atom in an optical lattice, U is an interaction coefficient
• The term which describes the evolution of free 'hot' atomsĤ env
is a kinetic energy of a free particle of mass m and momentum k.
• The interaction between cold and 'hot' atoms
. For shorter notation we have introduced in (A.3) the operatorγ k 1 ,k 2 ,k 3 .
We follow the derivation of master equation based on [23] . Our derivation is simplified in comparison with [11] . We quote it here to obtain the expression for the damping coefficient γ. We write the von Neumann equation in the interaction picture
where with a tilde we denote the transformatioñ
Using the von Neumann equation one can easily write the first two terms of perturbation series of the formal solution of the density matrix (Born approximation):
In the next steps we trace both sides over the environment and transform it back to the Schrödinger picture. We assume that initially the density operator of the system has a form ρ =ρ BEC ⊗ρ E , whereρ BEC is a density operator of BEC andρ E is a density operator of the environment.
In the derivation we also assume that the change ofρ BEC during time t is negligible and the evolution is well approximated by the Markov process. All this operation one can find in the following formula for coefficient γ:
where ∆ = U/ â †â + ω 0 + ω k 1 − ω k 2 − ω k 3 .
We assume that background atoms have much higher energy than cold atoms. Furthermore in typical experiments with optical lattices in each lattice site the average number of atoms is small, so the contribution of interaction energy is negligible. Finally with good approximation we havê
where θ is an angle between the wave-vectors k 1 and k 3 .
After integrating over k 3 the equation (A.7) has a form
We calculated the quantity ĉ † kĉ k from the grand canonical ensemble using the bound n = where ρ b = N/V is a density of background atoms and v is an average velocity of them.
The last formula up to a constant can be deduced classically.
